The energy of a graph Γ is the sum of the absolute values of the eigenvalues of the adjacency matrix of Γ. Seidel switching is an operation on the edge set of Γ. In some special cases Seidel switching does not change the spectrum, and therefore the energy. Here we investigate when Seidel switching changes the spectrum, but not the energy. We present an infinite family of examples with very large (possibly maximal) energy.
Energy
Suppose Γ is a graph on n vertices with adjacency matrix A. Let λ 1 ≥ . . . ≥ λ n be the eigenvalues of A. The energy E(Γ) of Γ is defined by E(Γ) = n i=1 |λ i |, and E max (n) is defined to be the maximal energy over all graphs on n vertices. See [3] for more about graph energy. It follows that the energy of an induced subgraph of Γ is at most E(Γ), and that E max (n) is monotonically increasing in n. The value of E max (n), and the structure of the graphs reaching it, is an important issue in the study of graph energy. Koolen and Moulton [6] proved that E(Γ) ≤ n(1+ √ n)/2 with equality if and only if Γ is a strongly regular graph with parameters (n, (n + √ n)/2, (n + 2 √ n)/4, (n + 2 √ n)/4) (if n = 4, Γ = K 4 , which is strictly speaking not strongly regular). Such strongly regular graphs are equivalent to regular graphical Hadamard matrices of negative type, which are known to exist for many values of n, for example if n is a power of 4, and if n = 36, n = 100, or n = 196. An obvious necessary condition is that n is an even square, and it is believed that this condition is also sufficient. See [4] and [5] for more about maximal energy graphs. For the necessary background on graph spectra, strongly regular graphs and Seidel switching we refer to [2] . In this note we present examples of pairs of graphs on n vertices with the same energy, where one is regular and the other one is not. The construction works when n + 1 is the order of a regular graphical Hadamard matrix. These graphs have energy very close to the Koolen-Moulton bound, and we conjecture that it equals E max (n).
Equitable partitions
Consider a symmetric matrix A with rows and columns indexed by a set V . Assume V is partitioned into m classes V 1 , . . . , V m . Thus, with a suitable ordering of V we may write
where each diagonal block A i,i is symmetric. Such a matrix partition is called equitable whenever each block A i,j has constant row and column sum. Let b i,j denote the row sum of A i,j then the m × m matrix B = (b ij ) is called the quotient matrix of A with respect to the given partition. It is well-known (see for example [2] ) that the spectrum of B is a sub(multi)set of the spectrum of A, and that the corresponding eigenvectors lie in the space W spanned by the characteristic vectors of V 1 , . . . , V m . The other eigenvalues of A have eigenvectors orthogonal to W , and therefore these eigenvalues and eigenvectors remain unchanged if a multiple of the all-one matrix J a is added to some of the blocks A i,j . Note that in general B is not symmetric, but B is similar to a symmetric matrixB = D −1 BD, where D = diag( |V 1 |, . . . , |V m |). Let V be the vertex set of Γ, and assume V is partitioned into two subsets U 1 and U 2 . Seidel switching with respect to {U 1 , U 2 } is the operation on Γ that leaves V and the subgraphs induced by U 1 and U 2 unchanged, but deletes all edges between U 1 and U 2 , and inserts all edges between U 1 and U 2 that were not present in Γ. Thus, if
is the adjacency matrix of Γ, then Seidel switching changes A into
It easily follows that Seidel switching defines an equivalence relation on graphs.
Assume the partition {U 1 , U 2 } is equitable. Then A and A have the same eigenvalues for the eigenvectors in W (see the proof of the next theorem for an explanation). Therefore A and A have the same spectrum if the quotient matrices B and B are equal, which is the case if every vertex in U 1 is adjacent to exactly half of the vertices in U 2 . If this is the case, then the two graphs obviously have the same energy. The following theorem generalizes this idea to make graphs with the same energy, but not necessarily the same spectrum.
Theorem 2.1 Let Γ be a graph with an equitable partition with quotient matrix B. Let Γ be the graph obtained from Γ by Seidel switching with respect to a union of classes of the partition, and let B be the quotient matrix after switching. If B has no negative eigenvalues, then E(Γ) ≤ E(Γ ) with equality if and only if B has no negative eigenvalues.
Proof. Assume the equitable partition is given by V 1 , . . . , V m , and the switching goes with respect to {U 1 , U 2 }, where
Let W be the space spanned by the characteristic vectors of V 1 , . . . , V m , and let A and A be the adjacency matrices of Γ and Γ , respectively. Then
First consider the eigenvalues of A orthogonal to W . These eigenvalues remain unchanged if one subtracts J from some of the blocks of the partition, so they are eigenvalues of
is a diagonal matrix with diagonal entries ±1. Thus A and E are similar, and therefore A and A have the same eigenvalues for the eigenvectors in W ⊥ . Let µ 1 , . . . , µ m be the eigenvalues of B and let µ 1 , . . . , µ m be the eigenvalues of B . Then µ 1 , . . . , µ m and µ 1 , . . . , µ m are the eigenvalues of A and A , respectively, with eigenvectors in W . Clearly B and B have the same diagonal entries, so trace B = trace B , and because B has no negative eigenvalues it follows that Deleting the vertex gives a graph Γ on n = 4m 2 − 1 vertices with an equitable partition with quotient matrix
This matrix B has no negative eigenvalues (the trace and the determinant are positive), and the same is true for the quotient matrix
corresponding to the graph Γ obtained from Γ by Seidel switching. It is easy to check, and well known from the theory of Seidel switching (see for example [2] ) that the graph Γ is a strongly regular graph with parameters (4m 2 − 1, 2m 2 , m 2 , m 2 ). The eigenvalues of Γ are 2m 2 (with multiplicity 1) and ±m (with total multiplicity 4m 2 − 2), and therefore
The bound of Koolen-Moulton gives
So the energy of Γ and Γ is very close to the maximum energy. We conjecture that there exists no graph on 4m 2 − 1 vertices with larger energy. If this conjecture is true, then we have an infinite family of pairs of maximal energy graphs, where for each pair, one graph is regular and the other one is not. Notice that Γ and Γ are not cospectral. In fact Γ has integral eigenvalues, whilst switching changes two eigenvalues 2m 2 and m into
). The example also shows pairs of graphs with the same (integral) energy, where one graph has integral spectrum and the other one not.
Seidel matrix
The algebraic properties of Seidel switching become smooth if one considers the Seidel matrix S of a graph. If A is the adjacency matrix of a grapg Γ, then the Seidel matrix S of Γ is defined by S = J − 2A − I. Thus S has 0 on the diagonal and ±1 off diagonal, where −1 indicates adjacency. Note that −S is the Seidel matrix of the complement of Γ. In terms of the Seidel matrix, Seidel switching with respect to {U 1 , U 2 } multiplies the rows and columns of U 1 by −1. If S is the Seidel matrix after switching, then S = DSD, where D is a diagonal matrix with diagonal entries ±1. Clearly D = D −1 , so S and S are similar, and therefore S and S have the same spectrum.
Similar to the normal energy, we define the Seidel energy S(Γ) of Γ to be the sum of the absolute values of the eigenvalues of the Seidel matrix. Like for the normal energy, the Seidel energy is monototic under taking induced subgraphs. By the above we see that the Seidel energy is invariant under Seidel switching and taking complements. The maximal possible Seidel energy for a graph on n vertices is denoted by S max (n).
A conference matrix is a square matrix S of order n with zero diagonal and ±1 off diagonal, such that SS = (n − 1)I. If S is symmetric, S is the Seidel matrix of a graph, called a conference graph. Conference graphs exist for many values of n, for example when n ≡ 2 (mod 4) and n − 1 is a prime power. A necessary condition is that n ≡ 2 (mod 4) and n − 1 is the sum of two squares (see for example [2] ). It turns out that conference graphs have maximal Seidel energy. This theorem says S max (n) ≤ n √ n − 1. Using the existing results for conference matrices, it follows that this bound is asymptotically tight.
Proof. Let p be the largest prime smaller than √ n. If n is sufficiently large, then (see
, there exists a graph Γ of order p 2 + 1 with energy S(Γ ) = p(p 2 + 1). Construct Γ by adding n − p 2 − 1 isolated vertices to Γ .
, and therefore
Finding asymptotically tight lower bounds for the Seidel energy turns out to be more complicated. The next theorem gives a lower bound, but it is never tight if n > 2. Proof. Let S be the Seidel matrix of Γ. If σ 1 , . . . , σ n are the eigenvalues of S, then i σ i = 0 and i σ 2 i = n(n − 1). Suppose σ 1 ≥ · · · ≥ σ n minimizes i |σ i | subject to these two constraints. We claim that σ i = 0 for all but two values of i. Suppose not, then without loss of generality we have σ 1 ≥ σ 2 > 0 > σ n . Choose x and y (x ≥ y) such that x + y = σ 1 + σ 2 + σ n and
n . This leads to a quadratic equation with real roots x and y satisfying x − y = (σ 1 + σ 2 − σ n ) 2 − 4σ 1 σ 2 < σ 1 + σ 2 − σ n . Note that also x + y and −x − y are less than σ 1 + σ 2 − σ n . Redefine σ 1 = x, σ 2 = 0 and σ n = y. Then σ 1 , . . . , σ n still satisfy the mentioned constraints, but the objective value is decreased by σ 1 + σ 2 − σ n − |x| − |y| > 0, contradiction. This proves the claim. The only solution satisfying the claim is σ 1 = −σ n = n(n − 1)/2 and σ i = 0 for i = 2, . . . , n − 1. Hence S(Γ) ≥ 2n(n − 1).
Every Seidel matrix S of order n satisfies det S ≡ det(J − I) ≡ n − 1 (mod 2), so if n is even, rank S = n, and if n is odd, rank S ≥ n − 1. This implies that the multiplicity of an eigenvalue 0 is at most 1, hence no graph with at least 4 vertices can have S(Γ) = 2n(n − 1). Also if n = 3 the inequality is strict, because S(Γ) = 4 for all graphs Γ on 3 vertices.
If Γ or the complement is switching equivalent to the complete graph K n , then S(Γ) = 2(n − 1). We know of no graph with n vertices whose Seidel energy is smaller than 2(n − 1), and conjecture that 2(n − 1) is the minimum value of S(Γ) over all graphs on n vertices. This conjecture has been verified for n ≤ 10 by Robin Swinkels (private communication).
